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ABSTRACT: Partonic cross sections for the production of massive objects in hadronic col-
lisions receive large corrections when the invariant mass of the initial-state partons is just
above the production threshold. Since typically the center-of-mass energy of the hadronic
collision is much higher than the mass of the heavy objects, it is not obvious that these
contributions translate into large corrections to the hadronic cross section. Using a recent
approach to threshold resummation based on effective field theory, we quantify to which
extent the fall-off of the parton densities at high = leads to a dynamical enhancement of
the partonic threshold region. With the example of Drell-Yan production, we study the
emergence of an effective physical scale characterizing the soft emissions in the process.
We derive compact analytical expressions for the resummed Drell-Yan cross section and
rapidity distribution directly in momentum space. They are free of Landau-pole singular-
ities and are trivially matched onto fixed-order perturbative calculations. Evaluating the
resummed cross sections at NNNLL order and matching onto NNLO fixed-order calcula-
tions, we perform a detailed numerical analysis of the cross section and rapidity distribution
in pp collisions.
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The Drell-Yan process [[l[], the production of a lepton pair in hadron-hadron collisions, has

played an important role in establishing the parton picture underlying the description of

hard interactions in QCD. In current experiments, studies of the Drell-Yan cross section

as a function of the invariant mass of the lepton pair are used to search for new heavy par-

ticles such as a hypothetical Z’ boson, while the differential distributions provide detailed

information about the parton distribution functions (PDFs), including in particular the



sea-quark distributions. Drell-Yan production also serves as a prototype for other collider
processes, such as Higgs production or the production of new particles.

A lot of effort has been put in obtaining accurate theoretical predictions for the Drell-
Yan process in perturbative QCD. The calculation of the cross section and rapidity distri-
bution at next-to-leading order (NLO) in «; was accomplished in the pioneering work [g].
The first next-to-next-to-leading order (NNLO) result for the cross section was presented
in [f] and confirmed much later in [f[j. The rapidity distribution at NNLO was derived
in [B], ], while the fully differential cross section was obtained recently in [, §.

As the invariant mass M of the lepton pair approaches the center-of-mass energy of
the collision, there is less and less phase space available for the emission of QCD radia-
tion. After the cancellation of virtual and real soft divergences large Sudakov logarithms
remain, because the scale associated with the soft radiation is much smaller than M. These
“threshold logarithms” threaten the convergence of the perturbative expansion and need
to be resummed to all orders. For the inclusive cross section do/dM? this was accom-
plished in the seminal papers [§, [[J] based on the solution of certain evolution equations
in Mellin moment space (see also [[[1}, [[J]). The generalization of this method to the Drell-
Yan rapidity distribution was obtained in [IJ]. Recent analyses of threshold resummation
for the rapidity distribution in Drell-Yan or electroweak gauge boson production can be
found in [[I4, [(§] in next-to-leading logarithmic (NLL) approximation, while in [fLd, [[q] the
resummation is extended to the next-to-next-to-next-to-leading logarithmic (N3LL) order.

Because the PDF's are strongly suppressed in the endpoint region  — 1, the cross
section do/dM? is a steeply falling function as M approaches the kinematical endpoint
v/s. In fact, in a typical experiment it will not be possible to observe Drell-Yan pairs
with masses exceeding about one half of the center-of-mass energy. For instance, at the
LHC one does not expect to discover new heavy particles with masses in the 10 TeV range.
In practice, one is therefore never in a region where the ratio 7 = M?/s approaches 1.
Since threshold resummation deals with logarithms of the form In(1 — 7), it is then not
obvious why such terms should be treated on different footing than other higher-order
terms. In view of this, it is surprising that large resummation effects were recently claimed
to be important for the Drell-Yan rapidity distribution as measured by the E866/NuSea
collaboration [[L§]. Specifically, ref. [LF] claims that for \/s = 38.76 GeV and M = 8 GeV
(corresponding to 7 &~ 0.04) the resummation of threshold logarithms at NNLL order
would lower the cross section by about 30% compared with the fixed-order NLO result,
whereas the fixed-order NNLO corrections increase it by a small amount [§, f]. However,
significantly smaller resummation effects were found by other authors for LHC kinematics
(M = 115GeV and /s = 14TeV) [ and for W-boson production at RHIC (M =
80.4 GeV and /s = 500 GeV) [[4]. An argument why threshold resummation effects could
be important even if 7 < 1 has been given in refs. [[9, PQ]. The idea is that the sharp
fall-off of the parton luminosity at large x dynamically enhances the contribution of the
partonic threshold region z = M?/5 — 1, i.e., the region where the center-of-mass energy
V/§ of the initial-state partons is just sufficiently large to produce the Drell-Yan pair. It
could then be important to resum logarithms of the form In(1 — z) in the hard partonic
cross section. However, since (1 — z) is not related to a small ratio of external physical



scales, it is not obvious how to give a formal justification of this argument.

To study this question quantitatively and to assess the importance of resummation
effects for the Drell-Yan rapidity distribution were the main motivations for the present
work. To do so, we use a recent approach to Sudakov resummation based on effective
field theory [R1, PZ. Contrary to the standard treatment in Mellin moment space, this
framework completely separates the effects associated with different scales in the problem,
thereby avoiding the Landau-pole ambiguities inherent in the standard approach. It then
uses renormalization-group (RG) evolution to resum logarithms of scale ratios. The resum-
mation is performed directly in momentum space, which makes it simpler to compare to
and match onto fixed-order calculations. Our framework is particularly well suited to study
the resummed rapidity distribution, for which we derive an exact analytic expression as a
one-dimensional integral over PDFs. Using the convergence properties of the perturbative
expansion after scale separation as the primary criterion, we study in detail how and under
which circumstances an effective physical scale us < M emerges, which is associated with
the soft emission in the process. Our approach resums logarithms of the ratio M/us to all
orders in perturbation theory.

Our main findings can be summarized as follows:

i. In the true endpoint region 7 — 1, the effective soft scale p, is an order of magnitude
smaller than the naive guess M (1 — 7). For PDFs behaving like f;/n(z) ~ (1 — x)b
near z — 1, we find ps ~ A"'M(1 — 7) with A ~ 2 + b, + b; = O(10). This result
provides a formal justification to the argument of a dynamical enhancement of the
partonic threshold region due to the fall-off of parton densities.

ii. The dynamical enhancement of the threshold contributions remains effective down
to moderate values 7 &~ 0.2, while at very small 7 values the parameter A decreases
to about 2. This reflects the fact that for small x values the fall-off of the PDFs is
much weaker than for large x.

iii. Even far away from the true threshold the Drell-Yan cross section receives its domi-
nant contributions from those terms in the hard partonic cross section that are leading
in the limit z — 1. Assuming this is true for other processes as well, the evaluation
of virtual corrections plus soft emissions provides a simple and efficient way to obtain
useful approximations for higher-order perturbative corrections.

iv. With the appropriate choice of the effective soft scale ps, the convergence of the
perturbative expansion is greatly improved by the resummation. However, for small
Drell-Yan masses the terms beyond O(a?) in the resummed expression for the cross
section are numerically unimportant. We thus do not confirm the large impact of
threshold resummation on the Drell-Yan rapidity distribution reported in [[[3]. For
larger masses the effects can be significant. For instance, the experiment E866/NuSea
has reported data up to M = 16.85GeV (corresponding to 7 ~ 0.19) [1§]. We find
that at M = 16 GeV resummation effects enhance the fixed-order predictions for the
cross section by about 25% at NLO, and 7% at NNLO.



v. For the case of the integrated cross-section do/dM?, we perform a detailed compar-
ison with the traditional resummation approach in moment space. Similar to the
case of deep-inelastic scattering (DIS) in the region & — 1, we find that the two
approaches are equivalent up to power corrections, which turn out to be numerically
small. An important conceptual difference is that in the effective-theory approach
the running coupling is evaluated at physical short-distance scales depending only
on the external variables s and M (and perhaps the rapidity Y). In this way, the
Landau-pole ambiguities inherent in the standard approach are avoided.

We begin our analysis discussing the structure of the hard-scattering kernels relevant
for the Drell-Yan rapidity distribution in fixed-order perturbative QCD. In section JJ we
use the framework of soft-collinear effective theory (SCET) [BJ—Pj] to derive the standard
factorization formula for the partonic cross section in the limit z — 1 in terms of hard
and soft functions, which we define in terms of Wilson coefficients of operators in the
effective theory. The solutions to the RG equations obeyed by these coefficients are derived
in section |. With these results at hand, we present exact analytic expressions for the
resummed Drell-Yan cross section and rapidity distribution. A detailed numerical analysis
of our results is presented in section . After choosing the hard and soft matching scales
in the effective theory by analyzing the perturbative expansions of the Wilson coefficient
functions, we investigate the stability of the results under scale variations and discuss
the impact of the resummation. Before concluding, we discuss the connection with the
conventional moment-space approach.

2. Fixed-order calculation and the threshold region

We consider the production of a lepton pair with invariant mass M in hadron-hadron
collisions at center-of-mass energy /s (Drell-Yan process), focusing for simplicity on the
reaction N1+ Ny — v*+ X followed by v*(q) — I~ +1T. Our goal is to calculate the double
differential cross section in the variables M? = ¢> and Y = % In ggtgﬁ,, where Y denotes the

rapidity of the lepton pair in the center-of-mass frame. Up to power corrections this cross
section can be calculated in perturbative QCD and expressed in terms of convolutions of
short-distance partonic cross sections with PDFs:

d?o B A
dM?2dY  3N.M?3s

Z/dx1 dwy Cij(w1, w2, 8, M, i) fiyn, (@1, 115) Fing (@2, 11g) . (2.1)
i,J

Here f;/n(, juy) is the probability of finding a parton i with longitudinal momentum frac-
tion x inside the hadron N, and pu; is the factorization scale. The hard-scattering kernels
62-]- have an expansion in powers of the strong coupling as. The sum extends over all
possible partonic channels contributing at a given order in this expansion. At leading or-
der (~ a2) only the channels (ij) = (¢q), (gq) contribute, while at NLO (~ ay) one must

include (ij) = (¢9), (79) (29), (99), (q9), (¢q) in the sum.
It will be useful for our purposes to introduce the ratios

M? M?
=2 L= __T (2.2)
S S T1T2



where § = x1x9s is the center-of-mass energy squared of the partonic subprocess that
creates the lepton pair. This determines the maximum energy transferred to the leptons
and the maximum invariant mass M they can have. In [f] the coefficient functions @j are
expressed in terms of the variable z and a second quantity

VS A aarEeTy (2:3)

These variables take values on the intervals 0 < y < 1 and 7 < z < 1 subject to the
condition that the parton momentum fractions

T1-(0-yd-2) y T _1-yl-2) .y
_ T _ T 2.4
o \/z 1—y(l-2) < 2 zl—(l—y)(l—z)e (24)
do not exceed 1. The allowed range for the rapidity is such that 2|Y| < In(1/7). We then
define new kernels via

dz d
Cij(:I"lv:Est?Mwuf): Y

dwl dwg

Cij(z,y, M, juy)
1—y(1—2)1-0-y)(1-2)]

At NLO the explicit results for these functions can be written in the form (with oy = ovs(pey)

(2.5)

and e, denoting the electric charges of the quarks in units of e) [fj

%:5(1—2«)5@”2(1_@ [H%(glnf_;JrQ_j_z;)] (2.6)
o _ 2(1 — 2)2
+015{5(y)+‘25(1 y) [(1+Z2)[1121nM(:%Z )L+1—z]
1 (1—272 1+2° (1 1 o1,
+2[1+ — (1 y)Hl_Z ([;,LJFL—Z/L) 2(1 )}}
o 2 —Z2
%%9 = T;T {5(;,) (z2+(1-2)% ln% + 22(1 —2)]

+ [1 + (1 —Zz)2 y(1— y)} [(22 +(1-2)?% H X +22(1—2) +(1— z)2y] } .

The pg-dependent terms can be derived from the fact that the cross section in (R.1) is
scale independent, while the PDFs obey the DGLAP evolution equations [Pq—P§]. The
remaining functions follow from the symmetry relations

qu = Cqé7 ng = ngv ng = ng = ng’y—&—y- (2-7)

The hard-scattering kernels at NNLO have been calculated in [§, f] and are available in
the form of a computer program [Rg].

The explicit expressions for the coefficient functions given above contain terms that
are singular in the “partonic threshold region” z — 1, in which the center-of-mass energy



of the parton subprocess is just large enough to create a lepton pair with invariant mass M.
Indeed, the arguments of the logarithms in (R.f) suggest the relevance of two mass scales:
a “hard” scale pj ~ M, and a “soft” scale us ~ M(1 — 2)/\/z = V4 (1 — ). Physically,
the hard scale is set by the invariant mass of the lepton pair, while the soft scale is of the
order of the energy of the remnant jet X produced in the collision. In the region of parton
kinematics where z — 1 these scales are separated, up > s, in which case the coefficient
functions contain large logarithms irrespective of the choice of the factorization scale jiy.
Threshold resummation for the Drell-Yan cross section [J-[J aims at resumming these
logarithms to all orders in perturbation theory.

Let us return to the structure of the relations (R.f) and identify the leading singular
terms in the partonic threshold region. They are contained in Cyq and up to NLO multiply
d-functions in the variable y. Beyond NLO some of the leading singular terms in the
expressions obtained in [fj] multiply nontrivial functions of y, but since the y-dependence
of the parton variables z1 and 3 in (R.4) is subleading in the z — 1 limit one can always
rearrange the expressions in such a way that the leading singular terms multiply J-functions
in y. Explicitly, we then obtain

6(y) +0(1 —y)

Cog = : ez C(z, M, pg) + Coa™, (2.8)
where
Crag 3 22 L,
Clz, M,py) = 6(1 —2)+ {5(1—z)<—L+——4>+2[ } }
s 2 3 1—2z],
Qg 2
+Cp (22) [CrPr(z) + CaPa(z) + Tems Py(2)] (2.9)

and we have defined L = ln(M2/u§f) and L, = In[M?(1 — z)z/u%z]. The terms in the
first line can be readily read off from (B.§). The two-loop coefficients P;(z) are given in
appendix Al Note that the factor z in the argument of the logarithm L, could be set to 1
at leading order, but it is correctly reproduced by our resummation formula below and so
we will keep it. The goal of this paper is to derive a formalism that resums these leading
terms to all orders in perturbation theory.

Upon performing the integration over y, the leading singular terms in (R.9) give rise
to the following contribution to the cross section:

d2 Uthresh 471'042 ) dz
dM2dY — 3N.MZ%s Zq:eq / ~ O M uy) (2.10)
% |:fq/N1(\/FeY7 :uf) ftj/Nz(\/F/Z e—Y’ :uf) + fq/N1(\/7_—/Z eY’ :uf) ftj/Nz(\/Fe_Y7 :uf)
2

+(qg = q)|.

The lower limit of the z integral is \/7 eTY, as appropriate for each of the two terms. At
tree level, we recover the parton-model result

d2 2
a o 2 Zeg [fQ/Nl(\/FeY’qu) ft?/Nz(\/Fe_Ynuf) +(q < q)] . (2.11)
q

dM2dY — 3N.M



We also note that integrating over rapidity, we obtain for the leading singular terms in the
single-differential cross section

do.thresh dl‘l d:L'g ~
AM2 3NM2 /IE—liﬂ—Oz M/Jf) [fq/Nl(:El)Mf)ftj/Nz(:E%luf)+(q<_>q)]7
(2.12)
where z = 7/(z122), and the integration is restricted to the region where x1x9 > 7. This

result can be rewritten in the more convenient form

do.throsh 47Ta2 1d2
dMZ 3NCM23/7— — Ol Mypg) /2, p05) (2.13)
where
Fy, 1) Z / [faymi @, pip) foym, (y/ 1g) + (g < @) (2.14)

denotes the Mellin convolution of the PDFs.
In the following section we will derive a factorization formula for the coefficient
C(z,M?, u ) using methods of effective field theory. The result is

C(Z,M,,Uf):H(M,,uf)S(\/g(l—Z),,uf), (2.15)

where H and S will be referred to as hard and soft functions, respectively, and will be
defined in terms of Wilson coefficients of operators in SCET. The calculation of the com-
ponents H and S at any order in perturbation theory is much simpler than the calculation
of the Drell-Yan cross section at the same order. Eq. (R.1§) thus provides an approxi-
mation to the cross section that requires a minimal amount of calculational work. The
all-order resummation of the partonic threshold logarithms is then achieved by solving RG
equations.

It must be emphasized at this point that the variable z is not set by external kinematics,
but instead is integrated over the interval between 7 = M?/s and 1. It is therefore necessary
to specify under which conditions the partonic threshold region requires special attention.
For instance, also in inclusive processes such as e"e~ — hadrons there are kinematical
situations where scales much smaller than the center-of-mass energy are important, such
as the emission of a soft gluon into the final state. It is a well-known fact, however, that
upon integration over the entire phase space the perturbation series is insensitive to scales
lower than /s at leading power.

There are two limits in which the threshold contributions are parametrically enhanced.
First, if the invariant mass of the lepton pair is near the kinematic limit set by the total
center-of-mass energy of the hadron-hadron collision, then 7 =~ 1 and hence z > 7 is always
near 1. Threshold resummation is necessary in this case and proceeds in close analogy to
the resummation of threshold logarithms for the DIS structure functions for z — 1 [J-[.
In practice, the region 7 ~ 1 is irrelevant for phenomenology, since the strong suppression
of the PDFs near the endpoint implies a very low parton luminosity in this case.

A second way in which the threshold contributions can be enhanced arises dynamically,
if the weight function multiplying the hard-scattering kernel under the z-integral is steeply
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Figure 1: Fall-off of the parton luminosity function ff{y, p¢f) for py = 8 GeV. The dashed lines show
the asymptotic behavior for small and large y.

falling with (1 — 2) [[[9, BQ]. In this case threshold resummation can be justified even if
T is much less than 1. In practice, such a behavior has to result from the fall-off of the
parton densities with increasing x. Consider for simplicity the total cross section do/dM?,
for which the relevant combination of PDFs is given by the function f(y,us) in (£.14).
Figure [I] shows that this function is indeed very steeply falling with y. Taking puy = 8 GeV,
one finds that ffy, pr) o< y* for y — 0 and fy, pus) o< (1 — y)b for y — 1, where a ~ —1.8
and b = 11. The figure shows that the first form reasonably well describes the behavior for
y < 0.05, while the second form holds for y > 0.3. Using these asymptotic forms for the
parton luminosity function, we find that for 7 < 0.05

do,thrcsh Ao e

while for 7 > 0.3

dottresh - dga? dz (1 —17/z
-~ 3N “f)/T 2 < -7

In the first case the cross section is given by a low-order moment of the hard-scattering

b
> C(z, M, piy). (2.17)

kernel C, in which case the partonic threshold region z — 1 is not parametrically enhanced.
In the second case, on the other hand, in the limit where we treat the exponent b as a large
parameter, the z integral receives important contributions only from the region where
(1 —2) < (1—7)/b. Even for 7 values not near 1 there is thus a parametric enhancement
of the partonic threshold region, which turns the threshold logarithms into logarithms of
the exponent b. The intermediate range 0.05 < 7 < 0.3 is a transition region, in which the
dynamical enhancement of the threshold region ceases to be effective as 7 is lowered.
While, as we have just discussed, the dominance of the partonic threshold region can-
not be justified parametrically for 7 < 0.05, it nevertheless appears that even in this case
the Drell-Yan cross section and rapidity distribution are well approximated by keeping only
the leading singular terms in the hard-scattering kernel (R.§). The reason is an inherent
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Figure 2: Comparison of the complete fixed-order results (solid lines) and the contributions arising
from the leading singular terms (dashed lines) to the Drell-Yan rapidity distribution at different
orders in perturbation theory. On the left we use the PDF sets MRST01LO, MRST04NLO, and
MRSTO4NNLO, as appropriate to the order of the calculation; in the right plot MRST04NNLO is
used throughout.

property of the hard-scattering kernel, which appears to receive the largest radiative cor-
rections from the region of phase space corresponding to Born kinematics. In other words,
the effects of hard real emissions appear to be suppressed compared with virtual correc-
tions and soft emissions. To illustrate this point, we show in figure ] the full fixed-order
predictions for the Drell-Yan rapidity distribution at M = 8 GeV and /s = 38.76 GeV and
compare them to the results obtained by keeping only the threshold terms in the hard-
scattering kernel. We use the MRST sets of PDFs compiled in [B(]. Throughout our work
we use the three-loop running coupling as(u) normalized to as(Mz) = 0.1167, and we take
ny = 5 for the number of light quark flavors. In the right plot we use the same NNLO
parton densities for all curves, so that the size of the different perturbative corrections to
the hard-scattering kernel can be read off directly. Since our main focus in this work is on
the behavior of the perturbative expansion of the hard-scattering kernel, we will from now
on always use the set MRST04NNLO for the PDFs. Even though 7 ~ 0.04 is very small in
this example, we observe that at central rapidity about 80% of the NLO correction and 63%
of the NNLO correction arise from the leading singular terms. For the total cross section
do /dM? about 93% of the NLO correction and 97% of the NNLO correction are accounted
for by the leading singular terms. If we lower the factorization scale to uy = M/2, then
the leading singular terms come even closer to reproducing the fixed-order results.

3. Derivation of the factorization formula

The factorization theorem (R-I7) for the leading singular terms in the hard-scattering kernel
C has been established a long time ago [[-[[Z. In particular, it has been understood that
the soft function S can be represented as the vacuum expectation value of a certain Wilson
loop of soft gluon fields. Nevertheless we find it useful to rederive this formula using
methods of effective field theory. The advantage of this approach is that we will relate
the hard and soft functions, H and S, to Wilson coefficients of operators in the effective



theory, which obey certain RG equations. Solving these equations we accomplish threshold
resummation directly in momentum space.

In the framework of SCET the standard factorization formula (R.1]) for the Drell-Yan
cross section has been discussed in [BI]. However, the issue of Glauber gluons [B2, B3] has
not yet been addressed in the effective theory. Glauber-gluon interactions have presented
an important complication in the factorization analysis of the Drell-Yan process [B4, B,
and it would be worthwhile to rederive their cancellation using SCET. As discussed below,
Glauber gluons do not affect the factorization of the hard-scattering kernel C(z, M, ji¢) in
the threshold region.

The threshold resummation for the total cross section do/dM? has been performed
in [B] using an effective-theory variant of the traditional Mellin moment-space approach. In
the present paper we go beyond these works by presenting a derivation of the factorization
formula (R.15) in SCET and performing the threshold resummation directly in z space.
This will provide us with the tools to discuss the relevance of resummation away from the
true threshold, i.e., for M? much smaller than s.

We begin with the standard formula for the Drell-Yan cross section,

4o

= T4 [ iy eins (Ny ()N T (2).J¥ (0)| Ny (p1) N: 3.1
0_33—q2W/ re (N1(p1)N2(p2)|(=gpur ) J* () J” (0)| N1(p1) Na(p2)) ,  (3.1)

where JH =" g €a @M is the electromagnetic current. To derive the factorization theorem,
we match the product of currents onto operators in SCET. The matching proceeds in two
steps, and the corresponding Wilson coefficients are the hard function H and the soft
function S, respectively. The remaining effective-theory matrix element can be identified
with the PDFs. A similar two-step matching procedure has been used in many SCET
applications. In particular, the factorization theorem for DIS in the region x — 1 was
derived in SCET by proceeding this way [RJ].

In the present paper we are solely interested in the factorization of the hard-scattering
coefficient C(z, M, py). For this purpose, we can simplify the effective-theory analysis
by considering (B.1) with partonic instead of hadronic matrix elements. These partonic
matrix elements correspond directly to the hard-scattering coefficients, and the hadronic
cross sections are then obtained after convoluting the results with the PDFs. An effective-
theory analysis of the hadronic matrix elements would be more complicated because of
their sensitivity to nonperturbative physics governed by the scale Aqcp, which does not
enter the hard-scattering kernels.

Note that the product of current operators in the matrix element in (B.1) is not time-
ordered. This is in contrast to the case of DIS, where the decay rate can be obtained from
the discontinuity of a time-ordered product of currents. It is not possible to rewrite (B.J)
in the same way, because the imaginary part of the time-ordered product also gets contri-
butions from virtual corrections to N1+ No — X, where X is a purely hadronic final state.
A path integral framework to analyze operator products that are not time ordered is the
Keldysh formalism [B7, B], which we review in appendix [J. In our discussion below, the
operator ordering does not lead to any complications, but it implies that the soft function

— 10 —
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Figure 3: Soft gluon emissions from the initial-state partons in Drell-Yan production.

is not given by Feynman diagrams, but appropriate cuts of such diagrams, as explained

in [B9.
3.1 Derivation in SCET

Before entering the technicalities of the discussion of factorization in SCET, it is useful to
understand the physics behind the factorization theorem (R.15) by means of a simple, intu-
itive argument. Consider the special kinematics of Drell-Yan production in the (partonic)
threshold region, as illustrated in figure B Because the partonic center-of-mass energy is
just above the invariant mass of the produced Drell-Yan pair, only soft emissions from the
initial-state partons are allowed. As is well known, these soft emissions are described by
eikonal interactions and exponentiate into Wilson lines. Furthermore, to leading power
they leave the incoming partons on the mass shell, so that the production of the Drell-Yan
pair is described by an on-shell quark form factor.

We will now formalize this argument using the language of effective field theory. The
effective theory is constructed by introducing fields for the momentum regions that con-
tribute to the matrix elements in the given kinematics. As stressed above, for our purposes
it is sufficient to analyze partonic matrix elements. To distinguish the different momentum
modes, we introduce the light-cone decomposition

Ak

_ nt
pr=(n-p) 5 +@-p) o+ =Pk 4Pl (3.2)

where n* = (1,0,0,1) and 7# = (1,0,0,—1) are two light-like reference vectors (n - n = 2)
in the directions of the colliding partons. We denote the small expansion parameter by
e = (1 —z) < 1 and quote the components (p4,p—,p,) of parton momenta. The relevant
momentum regions are

hard:  pp ~ V3 (1,

hard-collinear: pp. ~ V5 (e, 1, /€
anti-hard-collinear: p;_ ~ V3 (1,6,1/€),
soft:  ps ~ V3 (e e 6€),

where the large momentum scale in the process is set by the partonic center-of-mass en-
ergy V5. In the first matching step, the contributions from the hard region are absorbed
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into Wilson coefficients, while the remaining contributions are represented by fields in the
effective theory. The version of the effective theory with fields scaling in the above way is
often called SCET}. Note that, while in many applications the soft scale is associated with

2 is of order the mass of the hadronic

nonperturbative physics, in our case pg ~ 51 -2
final-state jet and assumed to be in the perturbative domain. As explained above, the
kinematics of the Drell-Yan process near threshold is such that the hadronic final state
is made up of soft partons; the virtuality of the hard-collinear partons is parametrically
larger than the jet mass: p?_ ~ p%c ~3(1—2)> M% ~3(1—2)°

The potential contribution from Glauber gluons [B3, B3| presents a challenge when
deriving the standard factorization theorem of the Drell-Yan cross section into PDF's con-
voluted with hard partonic cross sections [B4, B§. However, the Glauber region does
not present an additional difficulty for the factorization of the hard-scattering coefficient
C(z, M, uy) in the threshold region, which we will derive below. The hard-scattering co-
efficient is given by the on-shell qg — 7]~ + X cross section, so that for its factorization
only Glauber exchanges involving active quarks need to be studied. The momenta of the
Glauber gluons relevant for the threshold region scale as p ~ \/g(e, €,1/€), and these glu-
ons are thus not allowed in the hadronic final state, which is assumed to have M)2< ~ €23.
Writing down the loop integrals for Glauber exchanges between the two inital-state quarks,
one finds that they are scaleless and vanish in dimensional regularization. In more physical
terms, this means that the Glauber contribution is accounted for already by the standard
momentum regions introduced above.

In order not to clutter the notation, we consider for the moment a single quark fla-

vor with charge e, = 1. We thus match the current J# = "1 onto an effective cur-
rent operator in SCET containing a hard-collinear quark and an anti-hard-collinear anti-

quark 3, B1l, 0, E1]. At leading power in ¢, this yields
JH(0) — /ds dt Oy (s, t, pg) (E=W=) (sn) 7! (W;[thc) (tn), (3.3)

where Wj,. and W3, are the usual hard-collinear (along the n-direction) and anti-hard-
collinear (along the n-direction) Wilson lines of SCET. Note that the matching relation for
the (transverse) vector current does not include a two-gluon operator at leading power in
the effective theory. Such an operator would arise, however, in the corresponding matching
relation for a scalar current relevant for Higgs production. Mixed quark-gluon operators
corresponding to the (ij) = (gq), (¢9), (¢g), and (gq) scattering channels are power sup-
pressed. Accordingly, the corresponding hard-scattering kernels C;; do not contain terms
that are singular in the limit z — 1, as is explicitly seen in (P.§). The Fourier transform of
the position-space Wilson coefficient

Cyv(—n-pin-ps,puyp) = /ds dt Cy (s, t, fip) e tsmpIitnp2 (3.4)
is a function of the product of the large light-cone momentum components carried by the

quark fields. In our case, i - p1n - pa = ¢2 is equal to the hard scale set by the mass of the
Drell-Yan pair. As a result the Wilson coefficient is evaluated at the time-like momentum
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transfer carried by the current, Cy(—q¢* — ie, u 7). The ie prescription is required since
this function has a branch cut along the positive real ¢ axis. Note that the same Wilson
coefficient Cy appears in DIS, but evaluated at space-like momentum transfer [239, B, (1]
The coefficient Cyy can be determined by on-shell matching; indeed, it is simply given by
the on-shell massless form factor in QCD [RI|. The Drell-Yan cross section involves the
current squared, so that the hard function in (R.17) is given by

H(M, pg) = |Cy(=M? —ie, uy)|?. (3.5)

The expression for the coefficient Cy up to O(a?) was derived in [P, and can be found
in appendix [B.

At leading power in ¢, only the n - A; component of the soft gluon field couples to the
hard-collinear fields. These eikonal interactions can be represented by Wilson lines. In the
effective theory this is achieved by redefining the hard-collinear fields as [P4, 7]

Epe(@) = Sp(@) €0 (@), AL (2) = Su(z-) AV (2) S (2-), (3.6)
which implies (W,ﬁcghc)(x) — Sp(z2) (Wgcfhc)(o) (). Here

Sp(z) = P exp <z’g /O dsn - Ayl + sn)> (3.7)

—0o0
is a soft Wilson line along the n light-cone. The same redefinition, but with n and n
interchanged, decouples the soft gluon field also from the anti-hard-collinear fields. As a
result, the current operator

T4(0) = (GWie) @ (sm) 7 (S15,) (0) (Wi &ne) @ (27) (3.8)

splits into three parts, which no longer interact with each other. In the same way, the
matrix element for the Drell-Yan process factorizes in the form

(N1 (1) Na(p2)|(—Gpur ) T*T ()T (0) N1 (p1) Na(p2))
o O = e ) W (o ag) (Nl €l O 1) § (7600 0)11)

< (Val (G Wi) @ (0) & (L6500 O (a1 (3.9

To obtain this expression, we have Fierz rearranged the fermion fields and have averaged
over the color of the external states. We have simplified the Dirac algebra making use
of the projection properties 7 . = 0 and 7 pe = Epe of the hard-collinear fermion fields
(and likewise 72 &5;, = 0 and % &;, = &, for the anti-hard-collinear fields). Also, we have
neglected the power-suppressed dependence of the hard-collinear matrix element on z_
and ) (x4 and x, for the anti-hard-collinear matrix element), using the fact that up to
power corrections the incoming partons fly along the beam axis. In more technical terms,
we have multi-pole expanded the corresponding fields to leading power [R5, iJ. The soft
matrix element Wpy (z, ) (not to be confused with the hard-collinear Wilson lines) is a

closed Wilson loop formed from the product of the soft Wilson lines in the two currents,
. 1 _
Wi (@, 17) = ~ (0] Tr B[S (2)Sa(2)] T[S1(0)5,(0)] 10). (3.10)

[
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where the trace is over color indices, and the operator T makes explicit that the Wilson
lines in the complex conjugate current J* are anti-time-ordered. A detailed discussion of
the operator ordering is given in appendix [J. It will become evident in section that
the function Wpy (z, i ) is closely related to the soft function for the Drell-Yan process.

In the second matching step we lower the renormalization scale below the soft scale
and integrate out the soft fields. Because the soft scale is in the short-distance domain,
this simply amounts to a perturbative calculation of the Wilson loop (B.10).

To make contact with the standard treatment, where the factorization theorem is de-
rived within perturbative QCD, we note that after the decoupling transformation (B.§) the
leading-power Lagrangian in each of the three sectors of the effective theory is completely
equivalent to the QCD Lagrangian. We can thus equally well evaluate the soft function
with QCD Wilson lines instead of soft Wilson lines. The same is true for the hard-collinear
matrix elements, where one can replace

i
2
where 1 (z) is the QCD quark field and [z4,0] a QCD Wilson line of n- A gluons extending
from 0 to z4.

(N1 (EneWhe) O (@4) = (Wil £ne) D (0)|N1) — (V1| P(z4) % (24,019 (0)[N1),  (3.11)

We have simplified the effective-theory treatment by restricting ourselves to on-shell
partonic instead of hadronic matrix elements, which has the advantage that we do not need
to discuss momentum regions that scale with powers of AQCD.l These momentum regions
cannot enter the hard or the soft functions, and given that the Drell-Yan cross section is
known to factorize for (1 — z) > A(QQCD, we are guaranteed that their presence will not
spoil factorization. The restriction to partonic matrix elements can thus safely be dropped.
The hadronic matrix elements of the form (B.I1)) are the usual PDFs [[[4]

funteang) = o= [ dee = @) dem) S im0 NG . (12

Inserting the factorized form of the matrix element (B.9) into expression (B.1) for the
cross section, we obtain

do B A
dM?  3N.M?

x> e /dxl dw [ fo/n, (@1, 115) fapns (w2, 107) + (0 © Q)]
q

|Cv (=M — e, pug)?

dgff 1 4., Ji(z1p1—+Tap2+—q) T 11

From now on we will drop the e prescription in the argument of C\y, .

3.2 Kinematic simplifications in the threshold region

To proceed, we need to study the kinematics in the partonic threshold region, where z — 1.
With the expansion parameter € = (1 —z) < 1, it is easy to show that in the parton center-

'For DIS at « — 1, a full factorization analysis (including messenger fields @]) was performed in [@]
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of-mass system

|‘]§\/_(—z):O(e) = P =Vi+0(®). (3.14)

It follows that ¢" is parametrically larger than the spatial components of ¢*. This obser-
vation implies that the term ¢° in the denominator in (B.13) is independent of 7 at leading
power, in which case performing the integral over d®q yields 6(® (&). It also follows that
the rapidity of the Drell-Yan pair in the parton center-of-mass system vanishes at leading
power,

1 ¢+

Yous = 5 In

i O(e), (3.15)

which explains why the rapidity in the laboratory frame, Y = Youms +% In %7 is determined
by the ratio 21 /2 at leading power in (1 — z), as can be seen from (R.4). Finally, we need

that

V3
2
Using these results, we obtain at leading power in the z — 1 limit the expression

(z1p1— + 22poy — @) = —— (1 — 2) + O(€°).. (3.16)

do Ao B
T = 3N ICv(—MQ,uf)IQZeﬁ/dwl dwy [ foyn, (@1, 1p) Foyny (w2, 1p) + (g = )]

q

“”1 22 /2 o (20, 7 = 0, 3.17
2\/— DY( Mf) ( )

where the integration region over the parton momentum fractions is such that xixo > T,
so that z = 7/z12z9 < 1. In the final step we introduce the Fourier transform of the
position-space Wilson loop at time-like separation via

da°
Wm(w,uf)z/ o 12 Wy (a0, = 0, up) . (3.18)

This Wilson loop plays the role of the jet function in DIS in the sense that it describes the
properties of the hadronic final state. It has been introduced previously in [[[2, B9. The
Drell-Yan cross section now takes the form

do 4o dri dx B
E = s IOvEME P Y e — —2 [faym (@1, 11g) fapn (@2, 1p) + (g Q)
¢ q

x1
xVEWpy (V3 (1= 2), f) (3.19)
and from comparison with (2.13) and (R.17) we identify the soft function as
S(VE(1 = 2),1y) = VEWpy (V3 (1 = 2), py) . (3.20)

We should mention that at leading power in (1 — z) the argument of the soft func-
tion could be simplified as v3(1 — 2) = M(1 — 2)/\/z ~ M(1 — z); however, since
the exact expressions (P.) for the hard-scattering kernels at NLO contain the logarithm
L, =1In(3(1 - 2)%/ ,uff), we prefer to keep the argument of the soft function in the form
written above.
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4. Momentum-space resummation at large z

At this point we have identified the two components in the factorized expression (R.15) for
the hard-scattering coeflicient C'(z, M, puy) with field-theoretic objects defined in terms of
operator matrix elements. The resummation of threshold logarithms arising in the z — 1
region can now be accomplished by solving the RG evolution equations obeyed by these
quantities.

4.1 Evolution of the hard function

The evolution equation for the hard matching coefficient Cy evaluated at time-like mo-
mentum transfer and its solution can be obtained from the corresponding results valid for
space-like momentum transfer 1] by analytic continuation. This leads to

2

(M2 — e, ) = {rwsp(as) <ln % - m) +’yv(a5)} Co(—M2 —ic, ). (4.1)

dlnp

We have reinserted the ie regulator, which determines the sign of the imaginary part of
the anomalous dimension. The appearance of the logarithm and its coefficient, the cusp
anomalous dimension I'cysp [, f4], can be explained using arguments presented in [A(].
This term in the evolution equation is associated with Sudakov double logarithms. The
remaining term, 4", accounts for single-logarithmic evolution.

The exact solution to (L)) is

Cv (=M, pug) = exp [29(pn, pug) = aov (i, pig) + i ar (pn, pop)| (4.2)
M2 —ar (fh,pf)
< (%) Cv(~MZ, n)
Fh

where up ~ M is a hard matching scale, at which the value of Cy is calculated using
fixed-order perturbation theory. Note that the Wilson coefficient at time-like momentum
transfer is a complex quantity. The Sudakov exponent S and the exponents a,, are given

by [f]

as () « as(p)

_ a I‘Cusp(OZ) do/ ar(v _ o Fcusp(a)
S == [ daZ552) ey e | e

as(v) as(v as(v)

(4.3)

and similarly for the function a,v. The perturbative expansions of the anomalous di-
mensions and the resulting expressions for the evolution functions valid at NNLO in RG-
improved perturbation theory are collected in appendix [B.

4.2 Evolution of the soft function

In order to derive the evolution equation for the soft function it is important to have a
consistent definition of the threshold region. To this end we consider the limit M? — s
in (B.19), which implies z — 1, since z > 7. The condition z;x9 > 7 then implies that
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x1,2 — 1, in which case the DGLAP evolution for the PDFs can be written in the simplified
form

d Ydz fq/N(‘T/Znu)
m fon(@, 1) = 2’y¢(a8) Jon(@, 1) + 2PCusp(a5)/m ~ W . (4.4)
which is obtained by expanding the Altarelli-Parisi splitting function as
2PCUS S
P, q4(2) = Weusp(as) +29%(as) 6(1 — 2) + ... . (4.5)
[1— 2]+

This asymptotic form of the splitting function holds to all orders in perturbation theory [[g).
The cusp anomalous dimension and the coefficient ¥® have been calculated at three-loop
order [I9. They are given in appendix B.

Requiring that the Drell-Yan cross section in the threshold region be independent of
the arbitrary factorization scale p ¢, we find that the momentum-space Wilson loop obeys
the integro-differential evolution equation

dWpy (w, 1) w W
- = — 4I‘CUS S 1 - 2 S )
dIn i plas) no + 27" (as) | Woy (w, 1)
w / _ W
- 4rcus (as) dw' WDY(W 7”) DY(wau) , (46)
p 0 w— o
where

AW =292 +47. (4.7)

Curiously, this quantity starts only at two-loop order. The analogous relation in the case of
DIS is v/ = 4?4 ~", where the anomalous dimension 7”7 of the DIS jet function is defined
in analogy with 4" in ([£g). Combining the two relations we obtain 27 — 4" =~V which
is an exact relation that links the anomalous dimensions of the soft function in Drell-Yan
production and the DIS jet function to the anomalous dimension of the vector current.
The exact solution to the evolution equation ([.§) can be written in the form [P1), p(]

~ 1 [ w\* e 2en
Wy (w, py) = exp [—4S(Ms=ﬂf) + 2a,w (Ms=ﬂf)] SpY (O, s) o <,u_> W , (48)

where 0, denotes a derivative with respect to an auxiliary parameter 7, which is then
identified with 1 = 2ar (s, ty). This result is well defined for n > 0. The solution for
negative 7 is obtained by analytic continuation. For instance, to obtain the result for
—% < 1 < 0 we use the identity

/de Fw) /de fw) = 1(0)  f(0) e (4.9)
0 0

wl=2n wl=2n 2n

where f(w) is a smooth test function. For n < —% additional subtractions are required.
The function Spy is obtained from the momentum-space Wilson loop by the Laplace
transformation [BJ]

1

W . (4.10)

spY (Ls phs) =/ dw e Wpy (w, ps) , 5=
0
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The position-space Wilson loop on the right-hand side of (B.1§) can be shown to have the
functional form Wiy (z°, % = 0, u,) = f(32%use7®, ag(us)) [, B, and a straightforward
calculation shows that the function Spy (L, us) can be expressed in terms of f(t, ) as

spy (L, ps) = f(e_L/2= as(ps)) - (4.11)

We can then use the explicit two-loop expression for the position-space Wilson loop ob-
tained in [BY] to compute the function spy at two-loop order. The result is presented in

appendix B.
4.3 Resummation of large logarithms

We are now in a position to derive the RG-resummed expression for the hard-scattering co-
efficient C(z, M, pus) in (R.15), which is given by the product of the solutions ([.2) and ([L.§)
for the hard and soft functions. The result can be simplified by eliminating the anomalous
dimension 4" using (E7), and combining the Sudakov exponents using the relation

Spnspy) = S(pss pp) = S, prs) — ar(ps, pyp) In % : (4.12)

s

We find

C(ZyMnuf) = |OV(_M27,uh)|2 U(Mnuhmusmuf)
27N M?(1—2)? e~ 2En
5 <ln7

S — s | ———, 4.1
A=y Y 2 +a’7”‘>r<2n> (4.13)

where 7 = 2ar (s, ftf), and we have defined the evolution function

exp [4S (n, pis) — 20 (i, ps) + Aaye (s, f1r)] -
(4.14)
As before, equation ([L.13) is valid for n > 0 (s > pr). For negative n (s > ), integrals
of In"(1 — 2)/(1 — 2)'=27 with test functions f(z) must be defined using a subtraction at
z = 1 and analytic continuation in 7.
We emphasize that the result ([.13) is formally independent of the scales yy, and s, at
which the matching conditions for the hard and soft functions are evaluated. On the other

M2 —2ar (pp,ts)
U(M7 /Jh)/JS)/Jf) = <—2>
My

hand, the hard-scattering kernel C' does depend on the factorization scale 1 f, at which the
PDF's are renormalized. In practice, a residual dependence on the matching scales arises
when the perturbative expansions of the matching coefficients and anomalous dimensions
are truncated, and this dependence can be used to estimate the remaining perturbative
uncertainties. Setting the three scales up, p1s, and py equal to each other in the resummed
expression (f1.13), one can readily reproduce the leading singular terms for z — 1 in the
fixed-order perturbative QCD expression for the hard-scattering kernel. In this way we
have obtained the two-loop corrections in (.9).

The final expression (f.13) for the hard-scattering kernel can be evaluated at any
desired order in resummed perturbation theory. Table [] shows what is required to obtain
different levels of accuracy. In this work we adopt the counting scheme of RG-improved
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RG-impr. PT Log. approx. Accuracy ~ o L* Leusp W,  Cy, spy
— LL k=2n 1-loop tree-level tree-level
LO NLL 2n —1 <k <2n 2-loop 1-loop  tree-level
NLO NNLL 2n —3<k<2n 3-loop  2-loop 1-loop
NNLO NNNLL 2n —5 <k <2n 4-loop  3-loop 2-loop
Table 1: Different approximation schemes for the evaluation of the resummed cross-section

formulae

perturbation theory, where at LO one includes all O(1) terms, at NLO one includes all
O(as) terms, etc. The large logarithm In(up/ps) is counted like O(1/ag). In the literature
on threshold resummation the alternative notation N**1LL is often used instead of N"LO.
The leading logarithmic (LL) approximation is listed only for completeness, as it misses
some O(1) terms.

In the following section we will perform a detailed numerical analysis of the Drell-Yan
cross section and rapidity distribution. In most cases of phenomenological relevance the
invariant mass of the Drell-Yan pair will be small compared with the center-of-mass energy,
i.e. 7 = M?/s < 1. Nevertheless, it is interesting to briefly consider the limit 7 — 1, in
which the need for threshold resummation is justified parametrically (see the discussion in
section f]). In this case the convolution integrals in formula (R:I3) for the Drell-Yan cross
section can be performed analytically if a reasonably simple model for the PDFs near the
endpoint is adopted. We parameterize the behavior near x =1 as

Ja @),y = Nalag) (@ =)0 [1+ 001 — )] (4.15)

and similarly for the anti-quark distribution. It then follows that at leading power in (1—y)
the parton luminosity function defined in (R.14) is given by

(1+ by) T(1 + by)
T(2+ by + bg)

Foms) =23 € Ny(pig) Nylpg) (1 — )troe+ta - (4.16)

q

Furthermore, the sum over flavors is dominated by the terms with the smallest exponent

(bg + bg). For example, in pp collisions at one finds b, + by ~ 14.4, by + bz ~ 10.8, and

bs+bs ~ 16.0 at 1o = 3 GeV [B]]]. These exponents increase by a flavor-independent amount

2ar (i, o) when py is raised to larger values, e.g., by about 0.4 at uy = 8 GeV BY. It

follows that the leading behavior near the endpoint is due to the down-quark contribution.
Introducing the Drell-Yan K-factor as the ratio

do do
— = K(M?1)— 4.17
we then obtain at leading power
K(M?,7) = |Cy (=M, ) [P U (M, i, pos, i)
- M?%(1 —7)? e~ 2VENT(2 + by + by)
(1 —7)2n <17+8,3 4 (418
( 7_) Spy | 11 Mg ns I > F(2+bd +bJ+277) ( )
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This may be compared with the K-factor for DIS at large Bjorken x and momentum
transfer Q? = —¢?, which has been derived in [21]] and reads

K(Q* x) = [Cv(Q% 1n) > U(Q; tins s, prg) exp [—2a.6 (s, fif)]

~ Q*(1 — x) e VENT(1 4 by)
_ n DL S
x(1-2) ]DISOH 12 +8’7’“S) T(1+ by +17)

. (4.19)

where in this case the dominant contribution comes from the valence up-quark, which
has the smallest b, parameter, b, ~ 4.0 at p; = 3 GeV [F1]. Obviously the structure of
threshold logarithms is very similar in the two cases once we consider equal hard scales
(Q* = M?) and compare the small parameter (1 — x) in DIS near the endpoint with the
small parameter (1 — 7)2 in Drell-Yan production. Differences arise from the following
facts: (i) Drell-Yan production has time-like kinematics, whereas DIS probes the nucleon
at space-like momentum transfer. This gives rise to a difference in the hard matching
coefficients |Cy/|? starting at one-loop order. (i) The soft/jet functions in the two cases
are different starting from one-loop order. (iii) The Drell-Yan cross section involves a
convolution with two PDFs, whereas in DIS a single parton density appears. This explains
the different coefficients in front of a..s and 7 in the expressions for the K-factors. (iv) For
the same reason, the resulting convolution integrals over the PDFs give rise to different
expressions involving the b, and b; exponents.

There is one more important piece of information that we can extract from the re-
sult (f.1§) for the Drell-Yan K-factor. As we have seen, the exponents b, and b; take
rather large values. Therefore, the arguments of the I'-functions in ([.1§) contain the large
quantity (2 + bg + bz) ~ 13. It is straightforward to show that the derivative with respect
to 1 in the argument of the soft function has the effect of changing the argument of the
logarithm as follows:

M?(1 —7)?

M?(1 —7)?
In———2 +9 |
. M? o= nug(2+bd+bg)2’

(4.20)

up to O(1) factors. It follows that a proper choice for the soft matching scale near 7 — 1
is

M1 —-71) M1 -71)
s~ ~ s 4.21
Hs ™ 25 by + by) 13 (421)

which is an order of magnitude less than the naive choice M (1 — 7). The fact that the

fall-off of the parton densities strongly favors the large-z region leads to a strong additional
suppression of the effective soft scale.

5. Phenomenological analysis

In this section we perform a detailed numerical analysis of our results. One of our goals is
to study to what extent threshold resummation is important (or even justified) in processes
where the invariant mass of the Drell-Yan pair is not very close to the center-of-mass energy.
We have seen in section fl that for very small values of the ratio 7 = M?/s the threshold
contributions are not parametrically enhanced. Even though empirically these terms still
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Figure 4: Dependence of the first two expansion coefficients in the perturbative series for the
hard function on the matching scale pp,.

give rise to the dominant contributions to the cross section, there is no need to perform
a resummation of the threshold logarithms. On the other hand, the result (.21]) derived
in the previous section shows that near the true endpoint the threshold logarithms are
enhanced by two effects: the kinematic restriction of the z-integral to the small interval
between 7 and 1, as well as the dynamical enhancement from the strong fall-off of the
parton densities. As a result, the appropriate value of the soft matching scale is an order
of magnitude smaller than the naive choice M (1 — 7). From our discussion so far it is not
obvious how to interpolate between these two extreme cases. We now perform a detailed
numerical study to assess the importance of resummation at intermediate values of 7.

5.1 Choices of the matching scales

We begin with a discussion of the proper choice of the matching scales uj and pg, using
the convergence of the perturbative expansions of the matching coefficients Cy and spy
in the resummed hard-scattering kernel (B.1(]) as the primary guiding principle. While
it is obvious that the hard matching scale should be chosen of order M, the choice of
the soft scale is more problematic. Naively, based on the structure of the result ({.13)
one would expect that In(u2/M?) should in some sense be identified with the “average”
value of In[(1 — 2)2/z]. Unfortunately, however, the distribution in the variable z is both
singular at z = 1 and not positive definite, so that it does not lend itself to a probabilistic
interpretation. A simple way to avoid large logarithmic contributions would be to make the
scale choice u2/M?  [(1—2)?/z] inside the z-integral. However, this would lead to Landau-
pole singularities in the integrand and hence would upset the proper scale separation that
is at the heart of our approach.

Our approach to threshold resummation based on effective field-theory methods ap-
plied directly in momentum space provides a natural way of resolving this question. The
matching scales uj, and us should be chosen such that the perturbative expansions of the
Wilson coefficient functions Cy and spy in ([.13) are well behaved. For the case of the soft
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Figure 5: Relative contributions to the Drell-Yan cross section do/dM? at M = 20 GeV arising
from the one-loop (left) and two-loop (right) corrections to the soft function Spy, as a function of
the soft matching scale ps. The curves are labeled by the corresponding values of 7 = M?/s.

function, this criterion should be applied after the integration over z in (R.1()) has been
performed. This is the essence of effective field theory: one performs matching calcula-
tions at scales where these calculations can be done in fixed-order perturbation theory, and
use the renormalization group to perform the evolution (“running”) between the different
matching scales.

We begin by applying this criterion to the hard function

H(M, n) = Oy (=M% ) = 143 ea(52) lavs(un)" (5.1)
n=1

Figure [ shows the dependence of the expansion coefficients ¢; and ¢y on the ratio pp/M.
The one-loop coefficient ¢; vanishes for u,/M ~ 1.569 and pp/M =~ 0.142. The second
solution is in a region of very small up, where the expansion coefficients vary strongly and
where the In?(M?/u2) and In(M?/u2) terms have opposite sign. We will thus discard it.
In the region around the first solution the two-loop coefficient ¢y is stable and positive.
In our numerical analysis we will vary pj, between M and 2M, taking pp = 3M/2 as the
default choice.

The matching scale pus; must be determined separately for each process, since it is
sensitive to the integration range of the z variable (which depends on 7 and Y') and to
the shape of the PDFs. In figure ], we plot the relative contributions to the cross section
do/dM? (normalized to the total cross section) arising from the one- and two-loop terms
in the soft function spy as a function of us. We choose M = 20 GeV and consider different
values of 7 = M?/s between 0.01 and 0.7. The plots have been obtained by setting
the factorization scale equal to M and using MRST2004NNLO parton densities [B(]. We
have checked that virtually indistinguishable results are obtained when gy is varied by a
factor of 2. Notice that with increasing 7 values the regions where the one- and two-loop
contributions are of modest size shift toward lower us values. To be specific, we consider
two criteria for a good convergence of the perturbative expansion (see the left plot in the
figure):
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Figure 6: Scale-setting results for the soft matching scale g for different values of 7 = M?/s
and Drell-Yan masses M = 100, 50, 20, 10 GeV. The lighter curves correspond to lower scales. The
upper set of curves corresponds to convergence criterion I, the lower one to criterion II.

I. Starting from a high scale, we determine the value of ps at which the one-loop
correction drops below 15%.

II. We choose the value of us for which the one-loop contribution is minimal.

Note that with either choice the two-loop corrections at the corresponding s values are very
small, indicating that the first two terms in the perturbation series for the soft function are
well behaved for the same choice of scale. The same analysis can be repeated for different
masses of the Drell-Yan pair.

The resulting values for the soft scale us determined using these convergence criteria
are shown in figure |, where we consider the choices M = 10, 20, 50, 100 GeV. To a
good approximation the curves for the ratio ps/M as a function of 7 exhibit scaling, i.e.,
they are almost independent of M. We thus obtain a relation of the form u,/M = g(7).
Small scaling violations arise from the scale dependence of the PDFs and of the running
coupling in the perturbative expansion of the soft function. Our numerical results are well
reproduced by the empirical functions

" - and —_— 5.2

for the two criteria. Their form should not be taken too seriously except to note that for
7 — 1 both functions approach ps = const. x M (1 — 7), as required by the resummation
formula ([l.1§) for the K-factor valid near the true endpoint. Indeed, the smallness of the
constants in the two cases (0.125 and 0.080, respectively) is in good agreement with our
estimate in (f.2])). It results from the dynamical suppression provided by the PDFs. In
the opposite limit 7 — 0, both forms yield us = const. x M with an O(1) constant, as
required by the fact that there is only a single physical scale in this case. Below we will
vary the soft scale between pl and pl! and, somewhat arbitrarily, use the average of the
two scales as the default choice.

— 923 —



The same analysis can be carried out for the double differential decay rate dc/dMdY ,
and it leads to similar results. In general, one finds that at central rapidity (Y = 0) the
resulting values for the soft matching scale are higher by about 20% than in the case of
do/dM?, while at larger rapidity they are lower, so that on average, after integration over
Y, the results for the total cross section are reproduced.

5.2 Scale dependence and impact of resummation

We now proceed to study the stability of our resummed expression for the Drell-Yan cross
section, using scale dependence as an estimator of yet unknown higher-order perturbative
effects. We vary the matching scales uj and ps about the default values pp, = 1.5M and
ps = (pk 4+ pll)/2 determined in the previous section. To simplify comparisons with the
literature we adopt the conventional choice puy = M for the factorization scale, at which
the PDFs are renormalized. From the point of view of effective field theory it would be
more natural to choose a lower value for pr, given that the cross section is sensitive to
physics at scales much below the hard scale M. We will see, however, that our results are
very stable with respect to variations of the factorization scale, so that the choice of the
default value is not particularly important. Since our focus is on the behavior of different
perturbative approximations to the hard-scattering kernel, we use the same set of PDFs
(MRST04NNLO) throughout the analysis.

Our results are shown in the first three plots in figure [, in which we study the Drell-
Yan K-factor defined in (f.17) for M = 20 GeV and various values of 7 = M?/s. In the
calculation of the K-factor we keep the factorization scale j1y = M fixed in the leading-
order expression in the denominator, even when pu; is varied in the numerator. For the
time being we only include the leading terms in the z — 1 limit, corresponding to the
result ([.1J). Adding the small power-suppressed corrections would not change any of our
conclusions. We observe an excellent convergence of the perturbative expansion for the
cross section after resummation. The bands corresponding to the LO, NLO, and NNLO
approximations overlap, and the dependence on the matching scales pp and ps becomes
negligible beyond LO, indicating that the residual perturbative uncertainty is very small.

The third plot, showing the dependence on the factorization scale yy, requires some
comments. We first note that in the approximation where we resum the leading singular
terms in the partonic cross section near z — 1 but neglect power-suppressed terms, our
results for the cross section are no longer strictly independent of the factorization scale ji.
In order to make them formally scale invariant one should add back the power-suppressed
terms in fixed-order perturbation theory. Despite this, we find that the resummation
greatly reduces the py dependence compared with the fixed-order calculation, for which
results are shown in the last plot in the figure. (The fixed-order results can be obtained
by setting p, = fts = p1f in the resummed expression.) The reason is that already the LO
result after resummation compensates the leading scale dependence of the PDF's through
the 11y dependence of the functions a. ¢ (us, pty) and 7 = 2ar(us, p15) in (E13). Indeed, we
see that for modest values 0 < 7 < 0.2 the dependence on the factorization scale after
resummation is almost absent already at LO. On the other hand, there is a sizable scale
dependence in the fixed-order calculation even beyond LO. We emphasize that there is
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Figure 7: Dependence of the resummed Drell-Yan cross section for M = 20 GeV on the scales
tn, ps, and py. The bands show the K-factor obtained at LO (light), NLO (medium), and NNLO
(dark). The last plot shows for comparison the p1; dependence in fixed-order perturbation theory.

very little experimental information about the relevant parton densities (the sea-quark
distributions, in particular) at large z values, and as a consequence one cannot trust the
numerical values of the K-factor at values 7 > 0.2. Indeed, we find that the results for
the cross section at 7 = 0.3 obtained using different sets of PDFs (MRSTO4NNLO [B(],
MRSTOINNLO [p9], and CTEQ6.5 [p]]) differ by a factor 4.

In figure fl, we observed that the Drell-Yan cross section is dominated by the singular
threshold terms. We now assess whether the threshold contribution contains large loga-
rithms which should be resummed. In figure f, we compare the result for the total cross
section obtained with the default values of the matching scales up and pgs to the evaluation
of the threshold terms in fixed-order perturbation theory. The differences between the two
sets of curves show the effect of the resummation. For illustration purposes we consider two
examples. The first is the case of pp collisions at /s = 38.76 GeV, corresponding to the en-
ergy of the fixed-target experiment E866/NuSea [[[§. In this experiment Drell-Yan masses
in the ranges 4.2-8.7 GeV and 10.85-16.85 GeV have been observed. As a second example
we consider Drell-Yan production via a virtual photon at the LHC energy /s = 14 TeV
(including the Z° channel would not alter our results for the K-factor significantly). The
figure shows that resummation accelerates the convergence of the perturbative expansion.
On the other hand, the plots also show that the most important logarithmic corrections
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Figure 8: Resummed (solid lines) versus fixed-order results (dashed lines) for the K-factor as a
function of M. The light, medium, and dark lines correspond to LO, NLO, and NNLO, respectively.
Default values are used for all scales.

are contained in the fixed-order NNLO results, at least for moderate lepton-pair masses.
For large masses the resummation becomes more important. In the first example, the
resummed cross section is about 8% (28%) larger than the fixed-order result at NNLO
(NLO) for M = 16.85 GeV. At the LHC, on the other hand, resummation effects beyond
the NNLO fixed-order result remain small even at very large values of M.

5.3 Rapidity distribution and cross section at /s = 38.76 GeV

As a final application, we now return to the rapidity distribution in Drell-Yan production
at /s = 38.76 GeV. As mentioned in the Introduction, in this case large resummation
effects were found for M = 8 GeV [LH] even though 7 ~ 0.04 is very small. These effects
were claimed to reduce the NLO fixed-order cross section by about 30%. Fixed-order
predictions for the rapidity distribution up to NNLO were discussed in [{, [f]. Here we
present results for the two cases M = 8 and 16 GeV. In order to obtain the best possible
predictions we combine our resummed result for the cross section with the power-suppressed
terms calculated in fixed-order perturbation theory. In our approach this matching can be
implemented in a straightforward way as follows:

d fixed order
+ <73M2dy . (53)
Hhskes, b f K Hh=Hs=f

In figure [J, we compare our RG-improved results with the fixed-order results, varying the
scales over the ranges M/2 < py < 2M, M < pp < 2M, and pl < ps < pll. The bands
reflect the variations about the default value. In the fixed-order case only the first variation

do,combinod do,thresh do.throsh

dM2dY — dM?2dY

dM?dY

is relevant, while in the resummed case we add the individual variations in quadrature.
We observe again that resummation significantly accelerates the convergence of the
perturbative expansion. Moreover, even though in the resummed case we include the
scale dependence from the variation of three different scales, the combined uncertainty
at NLO and NNLO is significantly smaller than in the fixed-order case. Also, given the
better overlap of the bands in the resummed case, our error estimates appear to be more
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Figure 9: Fixed-order (Y < 0) versus resummed (Y > 0) predictions for the rapidity distribution
at /s = 38.76 GeV and two values of M, at different orders in perturbation theory. The bands
reflect the combined scale dependence. LO bands are light, NLO bands are medium, NNLO bands
are dark.

conservative. As a final comment, we note that for M = 8 GeV the resummed results at
NLO and NNLO are consistent within errors with the fixed-order results, indicating that
threshold resummation is not an important effect. This is in stark contrast to the conclusion
reached in [L5]. For the higher mass M = 16 GeV, the two NNLO bands are consistent
with each other at central rapidity, but the resummed result is significantly higher than
the fixed-order prediction for Y 2> 0.3. For the integrated cross section at this value of M,
threshold resummation enhances the fixed-order value by about 7%. This can be seen from
table fJ, which shows our final predictions for the integrated cross section do/dM 2. Besides
the results obtained with and without resummation, we also give the contributions of the
resummed threshold terms alone, corresponding to the first term in (f.3).

5.4 Resummation in moment space

Traditionally, resummation is performed in moment rather than momentum space [J, [[(].
For the Drell-Yan cross section integrated over rapidity one takes moments in 7 at fixed
M:

! do
_ N-1
ON = /0 drr e (5.4)

For the moment-space analysis of the rapidity distribution one performs a Fourier transform
in the rapidity in addition to taking moments in 7 [[3, [5]. In the following, we will restrict
ourselves to the integrated cross section for simplicity. Using the representation (1), the
cross section in moment space factorizes as

Ni /N _
ON = 3N M4 Z [ J[<7/+11 z[<7/+12 +(q < Q)] On+1(M?, uy), (5.5)

where the moments of the hard—scattermg coefficient and the PDFs are defined in analogy
with (p.4). In order to accomplish the resummation for the moments of the hard-scattering
coefficient, we go back to expression (B.15) and use that [54]

/dzzN LS(M(1 - 2), ,u)—sDy<lnN]\2422,,u)—|—O<%>, (5.6)
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M Method LO NLO NNLO
8GeV  combined 0.436 70052 0.493 001 051270007

threshold ~ 0.436 1005  0.482100%8  0.501 10 0%

fixed-order 0.299100°0L  0.449 0050 0.505 70032

i 0.17 0.01 0.01

16GeV  combined  1.497737 1.61 004 1.68 7004
threshold ~ 1.49 7027 1.59 100 1637001
fixed-order  0.76 703 1.2970-39 1571008

Table 2: Predictions for the Drell-Yan cross section do/dM? for \/s = 38.76 GeV and two values
of the invariant mass M of the lepton pair. Units are pb/GeV? and fb/GeV?, respectively.

with N = e’ N. We then insert the solution to the RG evolution for the function spy,
which as shown in [RZ] obeys a RG equation analogous to ([.1)). This leads to

o M?
On(M?, pp) = |Cv(=M?, up) P U (M, i, prs, prp) N~ SDY<111 NT;@’MS) : (5.7)

Given the simple N dependence of this result, we can transform it back to momentum
space analytically using
1 c+i00 2vem

_— AN 2= NN—2n — (] —1+2p € T
omi ). (=Inz) T'(2n)

Ve gy o]

and the fact that

N S (in ) = v (10 2+ 0, ) N2 (5:9)

Dropping the corrections of order (1 — 2)? in the last step in (f.§), the inverted moment-
space result can be written in a form that is identical to (4.13) up to an overall factor
V/z, which amounts to a first-order power correction in the threshold region. In the limit
Mp = pts = pif, in which the resummed expression reproduces the leading singular terms in
the fixed-order result, the momentum-space formulation derived in the present work gives
the singular distributions in the hard-scattering kernel in precisely the form in which they
appear in (2.9) and (A.])). The large-N expansion in Mellin space, on the other hand, gives
an expression that is obtained from this by the replacement

[ L } - lln"(M21n2z/u§)] |
N

1—2z

(5.10)

—Inz

with L, = In[M2(1 — 2)?/ ufez]. While the two expressions agree up to power-suppressed
terms near the partonic threshold, they differ significantly for small z. This leads to large
corrections when matching with the fixed-order results in cases where the small-z region is
relevant.
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s = M/N with M = 8 GeV (solid) with the expression (f.11]) used in the traditional approach [5j]
(dashed). The light, medium, and dark lines correspond to LO, NLO, and NNLO, respectively.
The dashed curves are barely visible because they are almost on top of the solid lines.

In the traditional approach to resummation, the moment-space result is written as

1
CNn(M?, pg) = go(M?, pug) exp[Gn (M3, ps)] + O(N) : (5.11)
where gg collects the N-independent contributions. The resummation exponent has the
form
1 N-1_ 4 (1—-2)2 M2 dk2
Gx ) = [ i | 9 A (s (k) + D (s (M (1~ 2)))| . (5.12)
0 1—2z N?c k

The coefficient A(as) is the cusp anomalous dimension, while D(as) is related to the
anomalous dimension of the soft function. The resummation exponent evaluated to NNLO
can be found in [fJ-FY]. Note that (5.13) is not well defined as it stands, since the
coupling constant is integrated over the Landau pole. The resulting ambiguity corresponds
to a spurious first-order power correction in Aqcp/Mx, while on general grounds the cross
sections is expected to receive power corrections starting at second order [f(J]. For DIS,
we have shown that for the scale choices pup, = M and pus = M/N, which are implicit
in the traditional scheme, the two approaches to resummation are equivalent up to 1/N
corrections, and we have derived the relationship between the anomalous dimensions in the
effective theory and the resummation coefficients in the traditional approach [J]. With
the same technique, we obtain

D(a)
2

eEVI(142V) — 1
v

2BV T'(14-2V)

= yw(as)+VInspy (0, u)— FcuSp(O‘S) , (5.13)

where a5 = as(p), and V = d/dIn p? = [B(as) /2] 8/as. Using this relation, we reproduce
the perturbative expression for the function D(ay) given in [FH, up to third order in
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Figure 11: Left: Results for the Drell-Yan K-factor obtained using threshold resummation
in momentum-space (solid) and moment space (dashed). The default scale choices pup = 1.5M,
ps = (ul + pll)/2, and pp = M are used in both cases. Right: Moment-space results for the K-
factor obtained from (f.7) with scale choices p, = 1.5M and p, = M/N (dashed) and the default
choices pp = 1.5M and ps = (ul + pl)/2 (solid). The light, medium, and dark lines correspond to
LO, NLO, and NNLO, respectively.

a2. In particular, for the first nonzero term we find

Do) = (2} + 272Cri) (22)" + 0(ad).

o (5.14)

In figure [[(, we compare our moment-space expression (p.7) for the hard-scattering
kernel Cy evaluated with the scale choices pp = M and pus = M/N with expression (b.11))
evaluated as described in [B]. The results are almost indistinguishable, demonstrating that
the 1/N-suppressed differences between the two formulations are numerically very small,
and that the traditional approach to threshold resummation can be viewed as a special
case of our RG-based framework.

The fact that the moment-space resummation approach differs from the momentum-
space approach by first-order corrections in (1 — z) leads to visible numerical effects. In
order to illustrate this we take the inverse Mellin transformation of (5.§) to compute the
Drell-Yan K-factor. For simplicity, we fit the polynomial form f{(y) = y*(1—y)?(14-cy-+dy?)
to the parton luminosity function defined in (R.14), so that the product of the moments of
the PDFs in (F.5) can be evaluated in closed form. The first plot in figure [[1] shows that for
the same choices of matching scales the moment-space approach leads to somewhat larger
results for the K-factor than the momentum-space approach, and that the convergence is
slightly better in the second case.

In the traditional moment-space approach based on expression (b.19) one implicitly
makes the scale choice g = M/N, which leads to a Landau pole at N ~ M/Aqgcp in
the Mellin inversion. To see how the results obtained with this choice compare with our
default results we adopt the so-called minimal prescription [F]], which amounts to choosing
an inversion contour in the N-plane that does not include this pole. When this is done, we
find that the moment-space formula (5.7) evaluated with jj, = 1.5M and us = M/N gives
numerical results similar to those found using our default scale choices once we go beyond
leading order. This is illustrated in the right plot in figure [L.
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6. Conclusions

We have presented a detailed analysis of threshold resummation for Drell-Yan production.
Instead of the conventional Mellin moment formalism, we have performed the resummation
directly in momentum space, using RG evolution. We have obtained analytic expressions
for the resummed hard-scattering kernels that are free of the Landau-pole ambiguities
inherent in the traditional approach. After deriving the necessary matching coefficients
and anomalous dimensions from known perturbative results in the literature, we have
performed the resummation for the cross section and rapidity distribution at NNLO in
RG-improved perturbation theory, corresponding to N3LL accuracy.

The main goal of this work was to address the question to what extent resummation can
be phenomenologically relevant given that in all practical applications the true threshold
region is experimentally not accessible, because the parton distributions fall off very steeply
at large z. It has been argued in the literature that precisely this fall-off forces the Drell-
Yan process to the partonic threshold region, in which large logarithmic corrections arise.
Our analysis confirms the existence of this effect and quantifies its importance. In the
true endpoint region, we find that the scale of soft radiation is an order of magnitude
smaller than the naive estimate. The extra suppression factor is given by the sum of
the exponents of the fall-off of the quark and anti-quark distributions near x = 1. On
the other hand, for very small lepton-pair masses this effect becomes inoperative because
the fall-off of the parton distributions is not very steep at low x. An analysis of the
convergence of perturbation theory in the intermediate region shows that resummation
effects become relevant for M larger than about 0.4y/s. At the largest measured Drell-
Yan masses resummation effects can thus be significant. In the case of the experiment
E866/NuSea, a fixed-target experiment with pp collisions at /s = 38.76 GeV, these effects
increase the NNLO (NLO) cross section by 7% (25%) at M = 16 GeV.

We do not confirm the recent claim of large negative resummation effects for the
rapidity distribution measured in the E866/NuSea experiment at M = 8 GeV [[[§]. We find
that the fixed-order NNLO threshold contribution is positive and a good approximation
to the full NNLO correction. Higher-order terms beyond NNLO turn out to be negligible,
so that it is unnecessary to resum them. To check whether the large effect seen in [[[7]
could be an artifact of the moment-space formalism, we have applied our approach also in
moment space and showed that it encompasses the traditional moment-space approach. We
find that the two methods give compatible results, and that in both schemes resummation
increases the cross section. The Drell-Yan cross section is dominated by the contribution of
the threshold region even at small masses of the lepton pair. For example, for M = 8 GeV
the threshold terms give rise to 93% of the NLO correction to the total cross section and
97% of the NNLO contribution. If this is a more generic feature of hard cross sections,
then threshold resummation techniques provide an efficient way to obtain the dominant
part of the higher-order corrections.

Perhaps the most important outcome of our analysis is a quantitative understanding
of the emergence of an effective physical scale characterizing the soft radiation in the
Drell-Yan process. This scale is generated through an intricate interplay of dynamical and

- 31 —



kinematical effects. It will be interesting to explore how the same mechanism affects other
collider processes such as Higgs production at the Tevatron and LHC. Furthermore, it would
be useful to analyze resummation for t¢-production, which is phenomenologically relevant,
since the Tevatron now produces top-quark pairs with quite high invariant masses. There
was some controversy on how to best perform the resummmation in this case [0, {1, 61, [2].
It would be interesting to revisit the issue using effective field-theory methods.
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A. Two-loop coefficients of the leading singular terms

The leading singular terms in the fixed-order perturbative expressions for the hard-
scattering kernels Cj; can be derived by using the perturbative expansions of the hard
and soft functions in (2.15). In this way, we obtain for the coefficients P;(z) in (R.9)

9 93 3n? 511 3372 237  15(3
P =0(l—2)|=L°+-=+"— L+ —— —
r(z) = 9(1-2) [8 * < 6 1 5C3> T T 16 T20 4 ]

1 272 L L3
—1—1643[—} +<—L2+3L—8—i>[ ] +[ } :
1—=z n 3 1—=z i 11—z n

11 193 1172 3G 1535 47?237t 43(s
Pa(z) =61 —2) |—— L2+ (—2 - 20 28 -
A=) = o Z)[ 6 < 8 36 2 > 92 T 736 720 12

101 117%  7¢3 1 67 > L, [ r?
+ |-+ + = + |- = - — ,
27 18 2 J[1—z], \18 6/)[1—z], 12|1—z],
_ 1, 17 7? 127 4n® (3

28 272 1 10[ L., 1[ L2
I (e - TR N (A1)
27 9 1—=z2 " 9 |1—=2 n 3|11—2 "

As before, we use the abbreviations L = ln(MQ/,u?) and L, = In[M?(1 — z)z/,u}z]. If
desired, the plus distributions involving powers of L, can be reduced to distributions of
the form [In"(1 — z)/(1 — 2)]+ using the identity

1
[f(2)9(2)] = f(2) [9(2)]; —o(1 - Z)/O d2' f(2') [9(=)] , - (A.2)

B. Matching coefficients and anomalous dimensions

For completeness we list the perturbative expansions of the various matching coefficients
and anomalous dimensions required to evaluate our RG-improved result (f.1J) at NNLO.
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B.1 Two-loop matching coefficients

The matching conditions for the Wilson coefficient Cy evaluated at time-like momentum
transfer can be obtained by analytic continuation from the corresponding expression valid
at space-like momentum transfer. Using the known two-loop result for the on-shell QCD

form factor [63-[69], we find 27

Cy(—M? —ie ,u)—l—i—CFas

2 m°
—L“+3L -84+ — B.1
4m < * + 6> (B-1)

+Cr <Z;) [CrHp + CaHa+TrnsHy|,

L4 2 2 4 2 2 4
Hp = & - 3L + <5 7T—>L2+<——5 il 24@,>L+E+7i—837T

2 2 6 2 2 8 2 360
11 233 72 2545 1172
Hy=—L*+4|-== Py =4+ — -2
477 +< 18+3> +<54+ 9 6C3>
51157 33772 N 117t N @C
648 108 45 9 °%
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and L = In(M?/pu?)—ir. This result agrees with the corresponding expression given in [Bg].
The matching condition for the function spy can be derived most easily using rela-
tion (f.11), which relates it to the perturbative expansion of the position-space Wilson
loop Wpy at time-like separation. We can then use the explicit two-loop expression for the
position-space Wilson loop obtained in [Bg]. To this end, we have obtained the fourth-order
coefficient in the expansion of a certain Appell hypergeometric function,
2

1,14€— L4e m st 4

The resulting two-loop expression for the soft function reads

2

Cra s
Spy(Lyp) =14+ —— = <2L2 > +CFg (4 > [CEWE + CaWy + TanWf] , (B.4)

3
where
4 2 2 4 1 2 2\?
Wpg = 2L L2+ =2 (2L
E 3 +18 2< 3>’

22 134 808 2428 6772 gt 22
= -3+ ——— 42 L+— - ==
wa= e (A e (5 e )1 BE SR T T,

8 40 224 656 1072 8
W,=-I°—_"I[2+2"1p — (3. B.5
F= 9 9 o7 ST 27 9% (B.5)

Note that the C'j terms exponentiate, which is a consequence of the non-abelian expo-
nentiation theorem for Wilson loops [66, f7]. Our result for the function spy agrees with
a corresponding expression entering in the moment-space resummation approach studied

in [B4).
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B.2 Three-loop anomalous dimensions

Here we list expressions for the anomalous dimensions and the QCD S-function, quoting
all results in the MS renormalization scheme. We define the expansion coefficients of the
anomalous dimensions and the QCD (-function as

« g\ 2 g\ 3
Fcusp(as)zroﬁ+rl(4—;> +F2<ﬁ) + ...,

Blas) = —2a [502‘—; + B (Z—;)z+ﬁ2 <Z7)3+} (B.6)

and similarly for the other anomalous dimensions.

The expansion of the cusp anomalous dimension I'¢,sp to two-loop order was obtained
some time ago [Af], while recently the three-loop coefficient has been calculated in [f9].
For the four-loop coefficient I's we use the Padé approximant I's = I'2/T';. The results are

I'y =4CF,

67 w2 20

245  134x% 11zt 22 418 407?56
I'y = 4Cp [Ci <T T o7 + 15 + §C3> + CaTpny <_? + o7 §C3>

55 16
+ CFTan <—? + 16C3> —

27
Ty ~ 7849, 4313, 1553 for n;=3,4,5. (B.7)

Tfm%

)

The anomalous dimension 4" can be determined up to three-loop order from the partial
three-loop expression for the on-shell quark form factor in QCD, which has recently been
obtained in [f5. We find

'7(‘)/ = —6CF,
961 1172 260 42
VW = C2 (=3 + 472 — 48G3) + CpCa | — oo — 2 4 52C3 | + CpTeny | o + — )
27 3 27 3
167 3272
W =3 <—29—67r2—T7T—136<3+T7T<3+480§5>
151 41072  4947* 1688 1672
2
- — — — 24
+CFCA< 5 T 79 T35 3 B3 @ OC5>
139345 716372  837* 7052 8872
CrC3% ( - — — — (3 — 272
o A( 158 23 45 g 9T g © C5>
5906 5272 567t 1024
2
T — —
+CF F"f< 27 9 27 " 9 C3>
34636 518872  447x* 3856
+ CrCalrny <_ 720 243 | 45 27 <3>
19336 8072 64
CpTin? | == - — — — . B.8
o F”f< 729 o1 27<3> (B-8)
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The anomalous dimension 7% is know to three-loop order from the NNLO calculation of
the Altarelli-Parisi splitting functions [i9]. The expansion coefficients are

% = 3Cr,
3 17 22 2 82
0= (2 omr i)+ orca (X4 2T 19¢,) — iy (2435,
2 6 9 3 9
9 8t 6
’72 = CF < ) —|—3 2+T+68<3——7TC3—240C5>
151 20572 2477t 844 872
2
_ - — — 12
+ CpCa < 1 9 135 (3 + C3 + 0C5>

9 T35 3 %3

1657 224872 gt 1552 )

20 116 272
+ C%Tpnf < 46 + m ! >

2
b Wit N LIttt 4
+ CpC3 < 36 + 31 13 (3 + 40¢s

133672 27t 400 68 16072 64
CrCaT, 40— — CpT2n% | ——+—— —— .
+CrCy an< a1 +— 45 C3>+ ja pnf< 3 + a1 9 C3>

(B.9)

Using these results, one can compute the expansion coefficients for the anomalous dimension
4" of the Drell-Yan soft function from the relation vV = 2v® +~V. This yields

73‘/20,

2
_ CFCA< 224 Anm

+ 28C3> + CFTan <W — T) . (BlO)

808 N 1172
27 9

We do not list the three-loop coefficient.
Finally, the expansion coefficients for the QCD S-function to four-loop order are

11 4
Bo = — C'A - § Fnf,
61 = —CA—ECATFTlf—ZlCFTFTLf, (B.ll)
2857 205 1415 44 158
0o 54 CA ( CF 9 CrCy 27 CA> an—|—<9 Cr+ 57 CA> T
149753 1078361 6508 50065 6472 1093
— ACa — 2U%60 2 1095
& g T304 ( 162 27 3> f < 162 81 3> I 79 M

The value of (3 is taken from [6§] and corresponds to N, = 3 and Tr = %

B.3 Renormalization-group functions

We now give the perturbative expansions of the functions S and ar defined in (|.3), working
consistently at NNLO in RG-improved perturbation theory. At this order we need to keep
terms through O(a?) in the final expressions. The resulting expression for ar is given by

ar(v, p) = %{ln%Jr(%—g;)W
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Similar expressions with the I'; replaced by the coefficients )" or ’yz hold for the functions
ayv and a,e, respectively. The NNLO expression for the Sudakov exponent S is more
complicated. It reads [RJ]

S(v,p) = 4600{ 4ZT ( i lnr>+<£—;—%>(l—r+ln7‘)+2ﬁ—ﬁoln r

)
sy . i om) o
[( ol ﬁo) (I—r+rlnr)+ <5§ 5 (I—7r)lnr

(ﬁ B ﬁ1F1+§>(1—T)2]

ﬁ_o_%_ﬁoro 2

)’ <@_ﬁ_%_& B(D_f, 8 ANY S
+<47r [ B2 2 Am\Te & @ mre)2)"

I's B 251ﬁ2 Bt <E_@> I _ﬁ1F2> (1—r)
* ( ﬁo - B2 * B \To o Bol'o  Bolo 3
. (% _Is @ 36Ty Bl | BTy 75152) (1)
4439 2T0 ﬁo 46300 Bolo  46eTo 452
%_@_ %Pl 51F2>1—7’
P (B8 5 dh A1 ] . } (B.13)

where r = as(p)/as(v). Whereas the three-loop anomalous dimensions and [-function are
required in (B:IF), the expression for S also involves the four-loop coefficients I's and [s.

C. Cut diagrams in the Keldysh formalism

To perform the effective theory analysis of the process, we would like to have a path-
integral definition of the hadronic quantity of interest. In the case of DIS (and also for
inclusive B-decays), one considers the discontinuity of forward matrix elements of time-
ordered products of the electroweak currents and studies their factorization properties. The
Drell-Yan cross section cannot be written in a similar form. The reason is that not all cuts
of the relevant Feynman graphs correspond to the same physical process. For example, in
addition to the contribution from the cut indicated in figure [, the discontinuity of the
same diagram also gets a contribution from a cut through the triangle loop on the left,
which describes p + p — X with a virtual lepton pair.

A path-integral method for the direct evaluation of cut diagrams is the Keldysh (or
time-loop) formalism [B7, B§]. Let us illustrate the method for a scalar field theory with
field ¢(z). Instead of the usual action, where one integrates over time from ¢t = —o0. .. 00,
one considers a path integral with an action

S(6) = /c 0t L(6). (1)

where the contour C first runs from ¢t = —oo +4d ... 00+ 40 and then back, with a negative
imaginary part, along the contour shown in figure [[§. When evaluating expectation values

— 36 —



Figure 12: Example of a cut diagram contribution to the Drell-Yan process.

of fields, one needs to specify on which part of the contour the fields reside. We denote
the fields living on the first half of the contour by ¢ (x) = ¢(z + id) and the ones on the
second half by ¢_(z) = ¢(x—1id). The path-integral expectation values of fields correspond
to path-ordered vacuum expectation values. Since the fields ¢4 are positioned at earlier
points along the contour, they are to the right of all fields ¢_. Furthermore path-ordering
translates into anti-time-ordering on the second part of the contour, so that we find

/ Do (21).. . b4 (@) d—(21) .. 6 () exp {iS(9)}
= (O[T (1) .- ()} T {o(1) ... Szn)} [0) (C2)

Here T denotes anti-time-ordering. Note that under a field redefinition ¢(z) —
f(o(z)) ¢(x), the plus and minus fields transform separately ¢4 (x) — f(op+(x)) dx(x).
This is relevant when one uses a field redefinition to decouple the soft gluon fields from the
quark fields in the current operator.

The Keldysh formalism is useful, because it gives a path integral formulation of squared
amplitudes, e.g.

> @m)*s(Px — P)[(X| T {¢(x1) ... d(xn)} [0}

X

:/d%e‘ip'x O|T {p(x1 + ) ... ¢(wn +2)} T{(z1) ... da)} 0, (C.3)

which is then rewritten as an expectation value of ¢ fields using (C.9).

For our perturbative analysis, we need the Feynman rules to calculate matrix elements
of the form (C.2). The rules are simple: those for the field ¢, are the usual Feynman rules
and those for ¢_ are the complex conjugate of the usual rules. Since all interactions are
local, there are no vertices involving both ¢ and ¢_ fields. The only connection is the
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Figure 13: Contour in the complex ¢-plane along which the Lagrangian is integrated to obtain the
action in the Keldysh formalism. (To dampen the oscillatory behavior of the path integrand, the
entire contour should further be rotated clockwise by a small angle.)

cut propagator

d*p
(2m)*

This expression is familiar from the Cutkosky rules [69] used to extract the contribution of

(0] () +(0) |0) = / e (2m) 6(p® — m?) (p°) . (C.4)

a given cut to an ordinary Feynman diagram.
Considering the case of the Drell-Yan cross section in (B.1), the relevant quantity
to consider in the Keldysh formalism is the current product J*(z)J1,(0), where J{ =

Zq €q qzl:’Y”%t-
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